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We study the effect of an inhomogeneous out-of-plane magnetic field on the behaviour of 2D
spatially indirect excitons. Due to the difference of the magnetic field acting on electrons and
holes the total Lorentz force affecting the center of mass motion of an indirect exciton appears.
Consequently, an indirect exciton acquires an effective charge proportional to the gradient of the
magnetic field. The appearance of the Lorentz force causes the Hall effect for neutral bosons which
can be detected by measurement of the spatially inhomogeneous blueshift of the photoluminescence
using counterflow experiment.
I. INTRODUCTION
The interaction of electrically charged particles with an
external magnetic field leads to a variety of phenomena
in condensed matter physics. The classical examples are
integer and fractional quantum Hall effects which have
been studied extensively both experimentally and the-
oretically in the last decades.1–3 In the domain of cold
atoms the magnetic field can also change the behavior
of the system, e.g. driving the BEC-BCS transition by
means of Feshbach resonances.4 However, as cold atoms
are neutral objects, the application of the magnetic field
does not lead to an appearance of the Lorentz force and
Hall effect. Meanwhile, the possibility of generation of
an artificial magnetic field in the atomic systems was
proposed.5 This phenomenon is based on the effect of the
geometric (Berry) phase and requires illumination of the
sample by several laser beams tuned in resonance with
atomic transitions.6 This has opened the way for the ob-
servation of the analog of quantum Hall effect for neutral
cold bosons and fermions.
In solid state physics there exist electrically neutral
bosonic particles similar to atoms. These are excitons
– bounded electron-hole pairs. The impact of excitons
onto optical and transport properties of semiconductor
materials have been studied intensively,7 and the pos-
sibility of Bose-Einstein condensation for excitons was
consider theoretically long time ago.8 However, an exper-
imental observation of exciton BEC still remains an open
question.9 A great step forward was achieved by using the
effect of strong exciton-photon coupling in semiconductor
microcavities.10 Hybrid light-matter quasiparticles called
exciton-polaritons revealed intriguing physical properties
and the formation of a macroscopically coherent state of
polaritons was experimentally reported.11 However, the
question of how it is connected with the standard BEC
picture is still under debate.12 Indeed, usually cavity po-
laritons have a very short lifetime (not exceeding tens of
picoseconds) which prevents the possibility of full ther-
malization of the system.
Other candidates proposed for the achievement of BEC
in condensed matter systems are indirect excitons, com-
posite quasiparticles consisting of electrons and holes lo-
cated in spatially separated quantum wells and bound
together by Coulomb attraction (see sketch in Fig. 1).
They obey bosonic statistics and can undergo Bose-
Einstein condensation at temperatures around 1 K.13
Spatially indirect excitons differ from the usual 3D or
2D direct excitons by a much longer lifetime, robustness
with respect to the effects of disorder and much stronger
exciton-exciton interactions provided by dipole-dipole re-
pulsion. Consequently, much experimental efforts were
devoted for observation of emergence of spontaneous co-
herence of the indirect exciton gas and macroscopically
ordered exciton state.14–18
Properties of an exciton subjected to magnetic field
were studied intensively19–21 and two qualitatively dif-
ferent behaviors of exciton were found. In the case of
small magnetic field, where magnetic length is much big-
ger than exciton Bohr radius, the center-of-mass motion
of the exciton is not affected, while its internal structure
is modified.21 In the opposite limit of strong magnetic
fields an electron and a hole from lowest Landau levels
form magnetoexciton with properties different from the
conventional exciton case.22 Their internal structure and
center of mass motion are coupled, and being exposed
into crossed electric and magnetic field exhibit motion
perpendicular to both directions due to collinearity of the
drift velocities of the particles of opposite charge.22–24
In this article we study the behavior of spatially indi-
rect excitons in the weak magnetic field which is inhomo-
geneous in out-of-plane z direction. While in this limit
a homogeneous magnetic field only changes the binding
energy of the exciton, the inhomogeneous magnetic field
acts differently on electrons and holes and results in ap-
pearance of the Lorentz force acting on the center-of-mass
(CM) of a neutral exciton. Consequently, an exciton ac-
quires an effective “charge” and observation of an analog
of the Hall effect becomes possible. One should note that
the following mechanism is qualitatively different from
the case of magnetoexcitons described above.
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FIG. 1: (color online). Sketch of the geometry of the system.
Electrons and holes located in two QWs separated by the dis-
tance L form spatially indirect excitons. The inhomogeneous
in z direction magnetic field B(z) affects the orbital motion
of the center-of-mass (CM) of exciton.
II. EXCITON IN AN INHOMOGENEOUS
MAGNETIC FIELD
We start by considering the quantum problem of
a single indirect exciton in a weak external magnetic
field.19–21,25 The generic quantum Hamiltonian of an
electron and a hole in different quantum wells separated
by distance L with an external magnetic field pointed
in z-direction perpendicular to the quantum well (QW)
plane reads
Hˆ =
~
2
2me
(
− i∇e + e
c
Ae(re)
)2
+ (1)
+
~
2
2mh
(
− i∇h − e
c
Ah(rh)
)2
− e
2
ε
√
(re − rh)2 + L2
,
where re,h are the radius-vectors of 2D electrons and
holes, me and mh are their effective masses and L is
the separation between QWs. In the following considera-
tion we restrict ourselves to the approximation of narrow
QWs. Taking into account the finite width of the QW
is straightforward but requires additional computational
efforts.26 The external magnetic field acting on an elec-
tron and a hole is introduced into the Hamiltonian via
the vector potential A(r). The magnetic field is consid-
ered to be inhomogeneous in z direction and therefore the
vector potentials for electrons and holes Ae(re), Ah(rh)
are different.
The following Hamiltonian for an electron-hole pair
with attraction can be rewritten in terms of CM coor-
dinates R = βere+βhrh and relative motion coordinates
r = re − rh, where βe,h = me,h/M and M = me +mh.
Thus, Eq. (1) can be recast as
Hˆ =
~
2
2me
(
− iβe∇R − i∇r + e
c
Ae(R+ βhr)
)2
+ (2)
+
~
2
2mh
(
− iβh∇R + i∇r − e
c
Ah(R − βer)
)2
− e
2
ε
√
r2 + L2
,
where ∇R,r are vector differential operators for CM and
relative exciton motion coordinates, respectively.
We consider the case of a magnetic field B(z) that
is inhomogeneous in z direction. Within the approx-
imation of narrow QWs this means that 2D electrons
and holes in parallel layers feel different values of B.
In the following derivation we use the symmetric gauge
for the vector potentials Ai(r) = [Bi × r]/2 with val-
ues of the magnetic field taken different for the elec-
trons and the holes, Be = B − ∆B/2 = B(1 − α) and
Bh = B+∆B/2 = B(1+α), where the parameter α de-
scribes the degree of the inhomogeneity of the magnetic
field, α ≈ (L/2B)dB/dz.
It is convenient to rewrite the Hamiltonian (1) using
the phase shift transformation of the wavefunction of the
exciton similar to those used for the case of the homoge-
neous magnetic field21,27
Ψ′(R, r) = exp
(
− i e
2~c
[B× r] ·R
)
Ψ(R, r). (3)
The new Hamiltonian reads
Hˆ =−~
2∇2R
2M
− ~
2∇2r
2µ
+
e2B2r2
8µc2
(1− 2αγ + α2ξ3) + e~
Mc
(1 − αγ/2)[B× r] · (−i∇R)+ (4)
+
e~
2µc
(γ − αξ2)[B× r] · (−i∇r) + α2 e
2B2R2
8µc2
− α e~
Mc
[B×R] · (−i∇R)−
− α e~
2µc
[B×R] · (−i∇r)− α e
2
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(1 − αγ)[B×R] · [B× r]− e
2
ε
√
r2 + L2
,
where µ = memh/M , γ = (mh − me)/M , ξ3 = (m3e +
m3h)/M
3, ξ2 = (m
2
e + m
2
h)/M
2. Note, that in the case
of a homogeneous magnetic field, when α = 0, the phase
transformation (3) fully removes the action of the mag-
netic field on the CM of the exciton. However, in our
case Be 6= Bh, α 6= 0 and one sees that the magnetic
field affects the motion of the center-of-mass. Moreover,
strictly speaking it becomes impossible to separate rela-
tive and CM motions, and numerical treatment becomes
necessary.
In Eq. (4) the first two terms correspond to the kinetic
energy of the CM and relative motion of an exciton. The
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FIG. 2: (color online). The energy spectrum of the CM mo-
tion of a bound electron-hole pair in the inhomogeneous mag-
netic field given by Eq. (8).
third term is simply a modified diamagnetic shift, the
fourth term is a quasielectric field term which pushes
the electron and the hole in opposite directions and the
fifth term is a modified Zeeman-like term for the relative
motion. All these terms exist for the homogeneous case
(α = 0).7,19–21
The new sixth, seventh, eighth and ninth terms (where
α enters in the overall pre-factors) describe the effect of
the magnetic field on the CM motion of an exciton. Fi-
nally, the tenth term represents the Coulomb attraction
between the electron and the hole and is responsible for
creation of the bound exciton state.
Let us now examine the Hamiltonian given by Eq. (4)
in more detail. The terms corresponding to the exci-
ton in a uniform magnetic field have been analyzed be-
fore. In small fields the binding energy of the exciton
increases, while strong magnetic fields on the contrary
lead to a transition to the magnetoexciton regime.26,28,29
The crossover between these two regimes is well stud-
ied. In the present consideration we restrict ourself to
the small magnetic field limit where cyclotron energy
is much smaller than indirect exciton binding energy.
As well, we do not consider the terms corresponding to
the mixing of the center of mass and relative motion.
The latter assumption can be justified by using the sep-
arate treatment of CM and relative motion of the ex-
citon which corresponds Born-Oppenheimer approxima-
tion in atomic physics. Indeed, considering the relative
motion as fast and CM motion as slow, and averaging
over fast motion, it is easy to see that those terms cancel
as 〈∇r〉 = 〈[B × r]〉 = 0. Here we focus on additional
terms which appear due to the gradient of the magnetic
field in the z direction.
The part of the Hamiltonian corresponding to CM mo-
tion thus reads (only underlined terms in Eq. (4) are
considered)
Hˆ =
~
2
2me
(−iβe∇R − α e
~c
A(R))2+ (5)
+
~
2
2mh
(−iβh∇R − α e
~c
A(R))2.
which can be simplified to
Hˆ =
1
2M
(
Pˆ− e
∗
c
A(R)
)2
+
e∗2B2R2γ2
8c2µ
, (6)
where Pˆ = −i~∇R is the CM momentum of the electron-
hole pair and A(R) = [B × R]/2. One can see that
expression (6) looks exactly the same as the Hamilto-
nian of a 2D particle with effective charge e∗ placed in
a magnetic field perpendicular to the plain in the pres-
ence of an in-plane external parabolic confining potential
U = e∗2B2R2γ2/8c2µ. The value of the effective charge
of the indirect exciton which describes its response to an
inhomogeneous magnetic field is
e∗ = 2αe =
∆B
B
e. (7)
As one can expect, it is proportional to the difference of
the magnetic field acting on the electron and hole sub-
systems and vanishes for the uniform case. Note that
this effective charge describes only the response to the
magnetic field and an external electric field will still not
affect the motion of an exciton which remains a neutral
particle.
The solution of the eigenvalue problem for a particle
in a magnetic field in the presence of parabolic confined
potential is well known.30 This allows us to write the
expression for the energy spectrum of an indirect exciton
in an inhomogeneous magnetic field as
En1n2m1 = ~
√
ω˜2 + ω20
(
n1 +
1
2
+
|m1|
2
)
+ (8)
+
~ω0
2
(
n2 +
1
2
)
− ~ω0
2
m1,
where n1, n2 and m1 are integer numbers. The quantum
number m1 corresponds to an angular momentum. The
cyclotron frequency ω0 and the potential well quantiza-
tion frequency ω˜ read
ω0 =
e∗B
Mc
=
e ·∆B
Mc
=
µ
mh −me ω˜. (9)
Energy levels given by Eq. (8) are shown in Fig. 2. Note,
that differently from the case of the Landau quantization
for the free electrons, the spectrum is not equidistant. It
should also be noted that the energy distance between
the levels corresponding to the quantization of CM mo-
tion of an exciton is much smaller than the distance be-
tween excitonic levels appearing due to the quantization
of relative motion. The spectrum in Fig. 2 thus can be
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FIG. 3: (color online). (a) Geometry of the counterflow ex-
periment. Applying the voltage of different polarities for the
electron and hole subsystems leads to the generation of the
flux of indirect excitons in x direction. (b) The profile of 2D
density of indirect excitons in the inhomogeneous magnetic
field. The drift velocity is taken V = 104 cm/s, magnetic
field difference ∆B = 1 mT and background concentration
n0 = 10
9
cm
−2. The Hall effect causes deviation of exciton
density equal to 7%.
interpreted as “fine structure” of 1s exciton state in an
inhomogeneous magnetic field.
For ∆B = 1 mT we can estimate ~ω0 = 0.2 µeV, which
is much smaller than the thermal energy corresponding
to 1 K. Therefore, direct observation of quantization
of the energy levels is hardly possible. One thus needs
to propose another way of the observation of the effect
of an inhomogeneous magnetic field on indirect excitons.
Note that the binding energy of the exciton in typical
GaAs/AlGaAs structure with L = 12 nm separation be-
tween centers of quantum wells is Eb = 3.67 meV, which
is much larger than ~ω0. This confirms the validity of
the Born-Oppenheimer approximation which we used.
We propose an experiment where the Lorentz force for
neutral excitons can be detected analogously to the clas-
sical Hall effect case (see Fig. 3). The key point is gen-
eration of a flow of excitons, which is a more compli-
cated task than for the case of electrons since excitons
are electrically neutral particles and application of an
electric field does not lead to the appearance of the ex-
citon current. However, this current can be created in
a counter-flow experiment, where polarity of the drain-
source voltage is different for the layers of the electrons
and the holes. The counterflow techniques is a well devel-
oped method and was widely used by Eisenstein and co-
workers for the study of the physical properties of Quan-
tum Hall bilayers.31
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FIG. 4: (color online). Sketches of the setup with inhomoge-
neous magnetic field created by ferromagnetic doping in one
QW (a) and due to the Meissner effect induced by supercon-
ducting film (b).
The drift velocity of an indirect exciton in a counter-
flow experiment will be governed by the value of the elec-
tric fields in electron and hole layers, Ee,h, and mobilities
of the electrons and the holes µe,h:
V =
µeµh
µe + µh
(Eh −Ee). (10)
One should note that the velocity can not be too large
since the magnetic field tends to unbind fast moving
excitons.7,26
Due to non-zero effective charge of the indirect exci-
ton the Lorentz force acting on CM coordinates appears
FL = e
∗
V ×B/c. It deviates the moving exciton in the
direction perpendicular to the direction of the electric
field (Eh−Ee). In the stationary regime this force should
be compensated by the force provided by a gradient of po-
tential energy of the exciton-exciton repulsion, which can
be estimated as Fp = −U0∇n(r), with U0 ≈ 4pie2L/ε,17
where L is the distance between the QWs with the elec-
trons and holes and ε is a dielectric permittivity. Putting
FL = Fp one can determine the spatial profile of the ex-
citon concentration in the Hall bar geometry shown in
Fig. 3, where the flux of the excitons is directed along
the x axis,
n(y) = n0 +
eV∆B
U0
y
2
, (11)
and n0 denotes a background 2D density of the indirect
excitons. The density profile is shown in Fig. 3 for the
magnetic field ∆B = 1 mT , n0 = 10
9 cm−2 and drift
velocity V = 104 cm/s. The variation of the density can
be measured by analyzing the spatial variation of the
blueshift of the exciton photoluminescence in the near-
field experiment. One should also note that for the de-
5scribed Hall effect for exciton the relevant quantity is dif-
ference of magnetic fields ∆B and not an absolute value
B, which can be chosen arbitrarily small.
Previously we considered an abstract situation of in-
homogeneous magnetic field. The realization of such sit-
uation in experiment is a non-trivial task. For an infinite
sample the Gauss’s law for magnetism forbids the possi-
bility of magnetic field generation with gradient in growth
direction. However, the finiteness of studied structure al-
lows one to consider a situation where magnetic field lines
are non-uniform in xy plane, but characteristic magnetic
length is much larger than size of the sample. Thus, a
magnitude of magnetic field is locally homogeneous and
different for electron and hole layer. These can be real-
ized in practice using several schemes.27
First, the difference in the magnetic fields acting on
electrons and holes ∆B can be achieved e.g. by using
magnetic semiconductor material for one of the QWs
(Fig. 4 (a)). In particular, the inhomogeneity can be re-
alized by growing a Ga1−xMnxAs quantum well for elec-
trons, where x denotes a fraction of manganese magnetic
impurities. Experimentally, x usually lies in the range
from 0.01 to 0.05,32,33 but in state of art samples it can
achieve 0.08 fraction of manganese.34 The magnetic field
induced by a single Mn atom as a function of distance
from it r reads as
Bz(r) =
µ0
4pi
2M0
(a20 + r
2)3/2
, (12)
where µ0 is a vacuum permeability, a0 is a radius of the
atom and M0 denotes its magnetic moment. For Mn
atom it is equal to M0 = 8µB, where µB is the Bohr
magneton.32,33,35
Using Eq. (12) we can estimate that an electron mov-
ing through the structure with x = 0.05 will experience a
magnetic field of magnitude B = 0.2 mT. The magnetic
field in the hole QW, which is separated from electron
QW by distance L = 12 nm, is however three orders of
magnitude smaller, and total magnetic field difference is
∆B ≈ 0.2 mT. If we take x to be 0.08 the magnetic field
can exceed ∆B ≈ 1 mT. Therefore the values of ∆B
used for calculation of Hall effect in the article can be in
principal realized in experiments.
Second, an inhomogeneous field can be generated us-
ing the Meissner effect. In the vicinity of superconduct-
ing film (SC) the magnetic field lines are strongly non-
uniform and this can be used for local generation of mag-
netic field gradient in growth direction (see sketch in Fig.
4 (b)).
Finally, another possible way of non-uniform magnetic
field generation relies on the quadrupole magnet field.
In the volume between four magnets magnetic field lines
are strongly non-uniform and magnetic field magnitude
changes rapidly in the plane of the system.
III. CONCLUSIONS
In conclusion, we proposed a method of generation of
the effective magnetic field acting on a system of electri-
cally neutral spatially indirect excitons. It appears in the
case of applied weak magnetic field which is inhomoge-
neous in z direction. We analyzed the energy spectrum of
the system and predicted the existence of an analog of the
classical Hall effect for spatially indirect excitons. It can
be detected in a counter-flow experiment where asym-
metric photoluminescence profile of indirect excitons is
expected.
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